On the basis of quasipotential approach to the bound state problem in quantum electrodynamics we calculate hyperfine structure intervals ∆E hf s (2P 1/2 ) and ∆E hf s (2P 3/2 ) for P-states in muonic deuterium. The tensor method of projection operators for the calculation of the hyperfine structure of P-states with definite quantum numbers of total atomic momentum F and total muon momentum j in muonic deuterium is formulated. We take into account vacuum polarization, relativistic, quadrupole and structure corrections of orders α 4 , α 5 and α 6 . The obtained numerical values of hyperfine splittings are useful for the analysis of new experimental data of the CREMA collaboration regarding to muonic deuterium.
I. INTRODUCTION
The investigation of energy spectrum of light muonic atoms (muonic hydrogen, muonic deuterium, ions of muonic helium) reached a new level at present. This is due to new experimental results obtained by the CREMA collaboration in [1] [2] [3] . On the one side these results open a possibility to obtain new values of a number of fundamental physical constants such as nuclear charge radii. While experimental data on atomic transitions have become very precise, our knowledge of the charge radii, which are part of theoretical predictions, is not as accurate as we would like. On the other hand, they call to look again at the formulation of the theory of bound states in quantum electrodynamics and possibly revise some of its previous aspects. The second position was proved important after a series of experiments in [1, 3] which revealed essential disagreement between two values of the proton charge radius obtained in experiments with electronic and muonic atoms [1, 3, 4] . An analysis of the situation and determining the causes of discrepancies are investigated in several directions, which are widely discussed in [2, [5] [6] [7] [8] [9] [10] [11] [12] [13] . It is possible that the publication of new experimental data on the structure of the energy levels of muonic deuterium which is planned in near future, will help clarify the problem. A comparison of the theory and experiment for the transition frequencies ν(2 2F +1 P j ÷ 2 2F ′ +1 S j ′ ) in muonic deuterium demands careful consideration of different contributions to the energy P-levels. The calculations of fine and hyperfine structure of the energy spectrum of light muonic atoms were made in a series of papers [14] [15] [16] . The results of these studies are a reliable benchmark for a comparison with experimental data and provide a starting point for further research. Whereas the calculation of separate contributions to the hyperfine structure of S-states of the muonic deuterium, even with a very specific kind, was the subject of intense study, the hyperfine structure of P-states much less investigated. Therefore, in this study we aim to partly fill this gap. In this work we make new analysis of different corrections to hyperfine splittings of P-states which allow to obtain more accurate results important for a comparison with experimental data. Another aim of our study is to develop a method of projection operators in the investigation of the energy structure of P-states. The method of projection operators on the bound states with definite spins was used previously in [17, 18] for the construction of particle interaction operator for hyperfine structure of S-states.
II. GENERAL FORMALISM
Let us begin our consideration with basic contributions to hyperfine structure of P-states of order α 4 . Our approach to the calculation of hyperfine splittings is based on quasipotential method in quantum electrodynamics in which the two-particle bound state is described by the Schrödinger equation [19] [20] [21] . In this work we develop another approach to the calculation of hyperfine structure of muonic deuterium based on tensor representation of Pwave projection operators describing muonic deuterium states. First we show on an example of calculating the leading order contributions how a tensor formalism helps investigate the hyperfine structure of the spectrum. It is useful to work in momentum representation where we can write the wave function of muonic deuterium 2P-state in the tensor form:
where ε δ is the polarization vector of orbital motion, n p = (0, p/p), R 21 (p) is the radial wave function in momentum space. Then the energy shifts are presented in integral form:
In the leading order the hyperfine potential ∆V hf s is constructed by means of one-photon interaction amplitude T 1γ . Writing the amplitude T 1γ we refer to it a part of the bound state wave function related to orbital motion:
where
P ±p are four-momenta of initial muon and deuteron, q 1,2 = m 1,2 (m 1 +m 2 ) Q± q are four-momenta of final muon and deuteron. They are expressed in terms of total twoparticle momenta P, Q and relative momenta p, q. D µν (k) is the photon propagator which is taken to be in the Coulomb gauge. Explicit expression of the deuteron wave function ε d,σ (p) has the form:
It should be noted that the amplitude (3) has been studied in detail in [22] excepting quadrupole correction. In the center-of-mass rest frame P = Q = Mv, v = (1, 0). The form factors F 1,2,3 (k 2 ) are related to the charge, magnetic and quadrupole deuteron form factors as (η = k 2 /4m 2 2 ) [23, 24] :
We consider (3) as a starting point for a composition of orbital L momentum, the deuteron spin s 2 (note that the spin of the nucleus is usually denoted by I) and muon spin s 1 . In the first scheme of momentum composition we add firstly momenta L and s 1 obtaining two muon states with angular momenta j = 1/2 and j = 3/2. In the Rarita-Schwinger formalism the wave function of the state with half-integer spin 3/2 is described by
where 1 2 ω; 1λ 3 2 σ are the Clebsch-Gordon coefficients. Another sequence of angular momentum addition is that in the beginning we add the orbital and intrinsic angular momentum of the deuteron and then the muon spin. When we combine the L = 1 and s 2 = 1 we get three states with the deuteron momenta 2, 1, 0. The deuteron wave function has in this case the form:
After combining φ µν with the muon spin on the second stage there arise three states with F = 5/2, 3/2, 1/2 which are described by the tensor-spinor field Ψ µν satisfying to the Dirac equation
The field Ψ µν can be easily decomposed into different parts with definite atomic angular momentum F :
where Ψ µν is the usual 5/2 generalized, symmetric Rarita-Schwinger tensor-spinor [25, 26] . The negative parity is obvious from physical reasons. Different states with total momentum F = 1/2 and F = 3/2 are decomposed into symmetric and antisymmetric parts satisfying to (8) . The tensor-spinor wave functions were used previously in [27] for the bound states of quarks. For further calculations, we note that each field Ψ S,A µν with F = 3/2, 1/2 is a superposition of states with muon angular momentum j = 1/2 and j = 3/2. Introduced in (9)-(13) tensor-spinor fields can be considered as both a projection operators on the states with a definite value of the total angular momentum. These projectors are very convenient for the calculation of the matrix elements of the interaction potential corresponding to certain quantum numbers. They allow us to avoid direct cumbersome multiplication of different factors in the amplitudes of the interaction of particles and use the computer methods for calculating amplitudes and the energy shifts [28] .
To demonstrate this property of Ψ µν we continue our calculations of the amplitude (3) corresponding to transitions between states with definite values of F . Introducing projectors Ψ µν in (3) and averaging the amplitude over the projection of the total angular momentum M we obtain the following basic relation:
where the lepton vertex function Γ µ =
, a µ is the muon anomalous magnetic moment. The Lorentz factors of the Dirac bispinors and transformed Lorentz factors of deuteron wave functions are written explicitly. Inserting in (14) Ψ µν from (9)-(13), averaging and summing over initial and final state polarizations M and calculating the trace by means of the package Form [28] we find three matrix elements corresponding to F = . The polarization sums for the fields with half-integer spin looks as follows [17, 25, 26] :
Let us construct by this method basic hyperfine splittings of order α 4 . We project the amplitude (3) sequentially on states with j = 1/2, F = 1/2 and j = 1/2, F = 3/2.
Corresponding averaged amplitudes are the following:
In the quasipotential method each of the amplitudes (17)- (18) determines the interaction operator of particles corresponding to states with selected quantum numbers. In this case, we get not only the contributions of the hyperfine interaction, but also the Coulomb potential and a potential of fine structure. But the difference (17) and (18) allows to find the hyperfine splitting of state j = 1/2 which is written as an expression of the output from the Form program:
where κ d = 0.714025µ N is the deuteron anomalous magnetic moment [29] , connected with the deuteron magnetic moment µ d by the relation
. In (19) we take electromagnetic form factors at k 2 = 0 and omit the quadrupole contribution which is studied in detail in next section. Normalization factor 3/4π coming from wave function of orbital motion is taken into account. Two other hyperfine splittings of 2P 3/2 state looks as follows:
where the terms proportional to (pq/pq) vanish as a result of the angular integration. They are important for the correct calculation of the vacuum polarization effects. There are three types of integrals with the radial wave functions which are calculated analytically:
Note, that the terms on the right side of the equations (19)- (21) proportional to (1 + κ d ) disappear after momentum integration and we obtain the following leading order contributions of diagonal matrix elements to hyperfine splittings of 2P 1/2 and 2P 3/2 states:
Two amplitudes (17)- (18) are constructed combining firstly the orbital momentum and muon spin. Then the spin of the nucleus is added. We can act slightly different expressing the states with j = 1/2 and j = 3/2 directly in terms of introduced symmetrical and antisymmetrical states. This possibility is illustrated hereinafter. In this method we can evaluate also off-diagonal matrix elements. Their calculation is demonstrated in next section for quadrupole correction. To facilitate a comparison of the method of calculation and obtained contributions to the previous approaches we make Appendix A, which demonstrates the calculation of corrections of order α 4 in the coordinate representation. All basic contributions to hyperfine structure and numerous higher order corrections are presented in Table I . 
III. QUADRUPOLE INTERACTION CORRECTIONS
Quadrupole interaction originates from not completely spherical shape of the deuteron. If the potential of the muon has also a non-spherical component at the position of the deuteron (only with muon angular momentum j > 1/2) then there exists a quadrupole energy shift [30] [31] [32] . Ordinary calculation of this contribution to hyperfine structure in muonic deuterium is based on the representation of quadrupole interaction in coordinate space as a scalar product of two irreducible tensor operators of rank 2. After that the matrix elements of tensor operators are expressed in terms of reduced matrix elements using the Wigner-Eckart theorem.
In this work we develop another approach to the calculation of quadrupole interaction based on tensor representation of P-wave projection operators describing muonic deuterium states. In the case of F = we should take the sum of two contributions regarding to symmetric and antisymmetric wave projection function (10)- (13) . For completeness, we present two averaged amplitudes corresponding to Ψ 
where we keep only the contribution of the quadrupole form factor F Q (0) = Q d . The index replacements designated in brackets of (26) and (27) refer to the written part of the amplitude. Remaining integration with the radial wave functions is carried out analytically:
(28) The sum of (26) and (27) multiplied by the factor (28) gives the contribution to hyperfine splitting αQ(µZα) 3 48
. Let us present final results for other transitions:
The quadrupole moment of the deuteron is taken to be Q d = 0.285783(30) f m 2 [33] . The result (29) coincides exactly with previous calculations made by different approaches [16] . As it follows from numerical values of (29) (see Table I ) the quadrupole interaction changes the position of levels 2 4 P 3/2 and 2 2 P 3/2 . Let us investigate in addition how the total angular momentum of the muon is changed in such transitions. For this purpose, build again the amplitude of single-photon exchange combining consistently muon spin with the orbital angular momentum and the deuteron spin. To be specific, we consider two diagonal matrix elements which are determined by averaged amplitudes with j = 1/2, F = 1/2 and j = 1/2, F = 3/2:
where lower indexes of the amplitude designate the muon total angular momentum. With one side, the obtained expressions (30)- (31) explicitly show that quadrupole interaction does not contribute to diagonal matrix elements with j = 1/2. On the other side they demonstrate our choice of the tensor projectors on the state with j = 1/2:
where the spinor Ψ describes the state with total atomic momentum F = ):
The same expansion can be performed for the state with j = 3/2 and two states with j = . They looks as follows: 
Using (33)- (36) we can investigate off-diagonal matrix elements corresponding to different values of muon angular momentum j. In fact, contributions with symmetric and antisymmetric tensor-spinor fields Ψ ) are evaluated above in matrix elements (26)- (27) . Thus it is necessary to use only the correct coefficients of expansions (33)- (36) . As a result we obtain:
Numerically, all quadrupole corrections are large and presented in Table I and Table II . Drawing attention to the significant value of the quadrupole corrections, we proceed to the consideration of other important effects within the formulated framework.
IV. VACUUM POLARIZATION AND STRUCTURE CORRECTIONS
The above basic formulas for the amplitudes of the muon-deuteron interaction allow to calculate the various corrections. Next in importance are the corrections to the vacuum polarization (VP) of order α 5 . In the formulated framework these effects can be easily studied.
In the first order perturbation theory one-loop vacuum polarization contribution to HFS is determined by the amplitude in Fig. 1 . For its calculation in momentum representation which we use, the following replacement in the photon propagator should be done in (19):
As a result we find that the vacuum polarization contribution to hyperfine splittings can be expressed in terms of three momentum integrals which are a generalization of the three integrals discussed earlier in (22):
a(3a + 8) + 6 2(a + 2) 4 , a = 4m e ξ µα .
Third integration over the spectral parameter ξ also can be carried out analytically, but they are quite cumbersome. So, we present here necessary VP correction to hyperfine splitting of 2P 1/2 state only in integral form:
The same calculation can be performed for the 2P 3/2 state. The corresponding results are the following:
Another important VP effect is related to quadrupole interaction discussed in previous section. Using for its calculation basic expression (19) , (20) , (21) and (39) we obtain for diagonal and off-diagonal matrix elements: A comparison of our results (40)- (44) with earlier estimates in [16] shows that there is a significant difference of the order of tenths of µeV . For this reason we decided to perform additional validation of our results using a different method of the calculation. As was shown in [21] the vacuum polarization effects presented in Fig. 1 in first order perturbation theory, can be calculated in coordinate representation. The amplitude shown in Fig. 1(a) gives the following hyperfine interaction potential in coordinate space:
Averaging (45) over the Coulomb wave functions, we obtain an analytical expression for the vacuum polarization correction of order α 5 in one-photon interaction:
where we introduce the designations for operators T i in (45):
The coordinate integration in (46) is carried out analytically and numerically over the spectral parameter ξ. Numerical results for separate states include both diagonal and offdiagonal matrix elements: They evidently show that two our approaches to the calculation of hyperfine structure in muonic deuterium P-states lead to the same results. Two-loop vacuum polarization corrections shown in Fig. 1 are calculated in a similar way. They are included in Appendix C. Their numerical value is essentially smaller (see Table I ). For a completeness, we analyze vacuum polarization corrections of order α 5 in second order perturbation theory, which are determined by the reduced Coulomb Green's function [34, 35] (see the amplitude in Fig. 2(a) ):
where C = 0.5772... is the Euler constant, z = W r, z < = min(z, z ′ ), z > = max(z, z ′ ). Using (A1) and (49), we obtain the following integral expression for VP correction [21] :
Similarly, the correction of vacuum polarization and quadrupole interaction in second order PT has the form:
The coordinate integration over x, x ′ is performed again analytically and numerically over ξ. Summary numerical values of contributions in the first and second orders of PT to the P-state energies are presented in Table I, Table II separately for diagonal and off-diagonal matrix elements.
Based on the amplitudes (19)- (21) it is possible to find the nuclear structure correction (the index str designates this contribution) to hyperfine splittings. For this aim, we will introduce into them an additional factor (−r 2 d k 2 /6) with the deuteron root mean square radius connected with the expansion of form factors and omit factors containing the deuteron magnetic moment. After evident simplifications we obtain the following contributions to hyperfine splitting potentials for states 2P 1/2 and 2P 3/2 :
(54) Further integration and consideration of the general normalization factor directly lead to the following splittings:
As expected, these corrections are very small and do not affect the comparison of theoretical results and planned experimental data. Other corrections of order α 6 are discussed in two Appendixes B and C. 
V. SUMMARY AND DISCUSSION
In this work we investigate the hyperfine structure of energy levels related to the P-wave states of muonic deuterium on the basis of three dimensional quasipotential approach in quantum electrodynamics. To increase the accuracy of the calculation we take into account the leading order contribution and several basic corrections of order α 5 and α 6 . These corrections are connected with the vacuum polarization effect, quadrupole interaction, nuclear structure and relativistic effects. Some corrections are obtained in analytical form, but most part of contributions to the energy spectrum is presented first in integral form, and then calculated numerically. All results are presented in Tables I,II,III giving the values of diagonal and off-diagonal matrix elements and the positions of the P-energy levels.
We would like to point out three main our results obtained in this work. 1. New approach based on the use of special type projection operators on the states with definite quantum numbers of atomic angular momentum F and total muon angular momentum j is developed. It allows to simplify essentially the construction of the particle interaction operator through the use of computer methods for calculating Feynman amplitudes. In particular, this method can be useful when working with different loop corrections.
2. We have increased the accuracy of the calculation of P-wave hyperfine splittings primarily due to the correct account the corrections of the fifth order over α. To this end, the contributions have been built into the operator of the interaction of particles that are connected to the vacuum polarization and quadrupole interactions. We check the obtained results in two ways, in the formulated framework of tensor projection operators in momentum representation and the more traditional method for the calculation of corrections in the energy spectrum in the coordinate representation. Moreover, in our calculation we take into account the contributions not only the first but also the second-order perturbation theory. 3. New higher order O(α 6 ) corrections are calculated. These corrections although small numerically and do not affect on the comparison with future experimental data, but clarify the structure of the perturbation series for the hyperfine splittings.
Let us present more detail comparison of the results with previous calculations in [16, 22] . Being different in the method of obtaining corrections of leading order O(α 4 ) our results coincide with [16, 22] . We mean both the spin-orbit, spin-spin contributions of order O(α 4 ) [16, 22] and quadrupole corrections of the same order [16] . But we obtain the fifth order in α corrections which are differ significantly from the results of [16] . In paper [16] the vacuum polarization corrections to hyperfine part of the Breit Hamiltonian are determined by the following modification of the potential with l > 0:
This leads to appearing of special factor of the form (1 + ε 2P ) with numerical value ε 2P = 0.000391 for the quadrupole correction and
for the Uehling correction to the Breit Hamiltonian. Numerically, the coefficient in (59) is equal to the same value ε 2P = 0.000391. In our calculation we demonstrate that the vacuum polarization corrections to P-states are determined by different potentials (compare (58) with our formula (45)) and have different form for states with various quantum numbers F and j. In contrast to [16] we have performed exact construction of corresponding potentials for different P-states and obtained through them numerical results that can not be reduced to a factor (59). Our results are checked by two independent methods. As an example, we give a comparison of our vacuum polarization plus quadrupole interaction contributions to hyperfine splittings of the level 2P 3/2 with the results of [16] . In [16] these contributions are equal to ∆Ẽ Summing all diagonal and off-diagonal matrix elements we obtain the following energy matrix 
Its diagonalization leads directly to the position of the energy levels 2P (see Table III ) and hyperfine splitting intervals which can be measured in the experiment. Accounting the accuracy of the calculation, we have added one extra decimal place in our results in Table III. ∆V hf s
where m 1 , m 2 are the muon and deuteron masses, κ d , a µ are the deuteron and muon anomalous magnetic moments, s 1 and s 2 are the spin operators of muon and deuteron, n = r/r. The operator (A1) does not commute with the muon total angular momentum J = L + s 1 . As a result there is the mixing between energy levels 2P 1/2 and 2P 3/2 .
For the calculation of diagonal matrix elements 2P 
The angle averaging in (A1) can be carried out by means of the following replacements [36] :
which give the eigenvalues of the corresponding operators:
The diagonal matrix elements have the general form:
where the operators T i are defined in (47). Substituting here T 1 and T 2 for definite quantum numbers F and j, we obtain the leading order contributions to the hyperfine structure of 2P 1/2 and 2P 3/2 states:
where we take into account the fine structure interval ∆E f s = 8.86386 meV calculated in [16, 37] . All expressions (A7)-(A11) contain the correction to the anomalous magnetic moment of the muon. Off-diagonal matrix elements 2P 1/2 ∆V hf s 2P 3/2 F =1/2 and 2P 1/2 ∆V hf s 2P 3/2 F =3/2 are essential to achieve a high accuracy of the calculation. They differ by the value of atomic angular momentum. The angular averaging by means of (A5) leads to T 1 = 2T 2 . For the calculation (Ls 2 ), we use the general formula for the matrix elements of the scalar product of two irreducible tensor operators:
where W (js 2 j ′ s 2 ; F 1) is the Racah coefficient. Applying (A12) to (Ls 2 ) we find: 
Two off-diagonal matrix elements of the operator T 1 have the form:
where the 6j-symbols are taken from [30] . Using (A15), we obtain the leading order contributions to off-diagonal matrix elements of the Breit Hamiltonian (A1): There exist higher order corrections to (A16) and (A17) which are related to additional interactions and examined above.
Averaging (C1) and (C2) over the Coulomb wave functions we obtain their numerical values in the hyperfine structure which are presented in Table I-Table II . The muon vacuum polarization correction is evaluated by means of a replacement m e → m 1 in (46). Its numerical value also is included in Table I-Table II corresponding to pure hyperfine interaction or to hyperfine interaction corrected by the vacuum polarization effect. Aa a second perturbation we use the Coulomb potential of one-loop or two-loop order. All resulting matrix elements are calculated analytically in a standard way in the integration over the coordinates of the particles and numerically by spectral parameters. Other details of their calculation can be founded in our previous papers [17, 18, 21] .
The two-loop vacuum polarization contribution to hyperfine structure of order α 6 is determined also by the third order PT. In this case we should use the following expression: 
Using further exact perturbation potential (A1), modification of the Coulomb potential ∆V C and the Coulomb Green's functionG (49), we obtain numerical values of corresponding corrections which are written in Table I as a separate line. Numerically the vacuum polarization contributions of order α 6 are extremely small and will not have a significant impact on the comparison with future experimental data.
